The dynamical bulk viscosity of a dilute Fermi gas is given exactly by the correlation function of the contact density of local pairs. Consequently, the breaking of scale invariance revealed by the bulk viscosity arises purely from pair fluctuations. This substantially simplifies computations and yields exact expressions for the bulk viscosity spectral function at high temperature as well as in the zero-density and high-frequency limits. For the quantum degenerate regime I report numerical Luttinger-Ward results both for the contact correlator and the bulk viscosity throughout the BEC-BCS crossover. Near the superfluid transition, the bulk viscosity is enhanced by critical fluctuations and has observable effects on expansion dynamics and sound attenuation.
The bulk viscosity determines friction and dissipation in fluids during hydrodynamic expansion [1, 2] . A scale or conformally invariant fluid can expand isotropically without dissipation and therefore has vanishing bulk viscosity [3] . In a generic interacting fluid, instead, a nonzero value of the bulk viscosity quantifies the breaking of scale invariance in systems ranging from QCD [4] [5] [6] [7] to condensed matter systems [8] [9] [10] [11] [12] [13] . An intriguing example is the twodimensional dilute Fermi gas, where scale invariance of the classical model is broken by a quantum scale anomaly [14] [15] [16] ; this has very recently been observed via breathing dynamics in cold-atom experiments [17] [18] [19] .
Computing the bulk viscosity from first principles remains a challenge in strongly correlated quantum fluids, yet it is crucial to understand and predict their real-time evolution and hydrodynamic modes and quantitatively interpret recent experiments. Near the superfluid phase transition of the attractive Fermi gas, critical pairing fluctuations yield a large contribution to the bulk viscosity [20, 21] and lead to a dynamical enhancement of scale breaking. Clarifying the intimate relationship between pairing fluctuations, bulk viscosity and scale invariance is vital for understanding the dynamics of strongly interacting quantum gases.
The bulk viscosity of the nonrelativistic, strongly interacting Fermi gas is known from kinetic theory in the nondegenerate high-temperature limit [11, 12] ; the viscosity attains its largest values in the strongly coupled region of the BEC-BCS crossover [22] near unitarity, but not exactly at unitarity where is must vanish by scale invariance [3, 9, 23] . The bulk viscosity can be defined as the pressure correlation function, more specifically by the trace of the stress tensor which is sensitive to the trace anomaly [24, 25] . Recently, the effect of hydrodynamic fluctuations on the bulk transport coefficient has been shown to give nonanalytic corrections to the bulk viscosity at small frequencies [25] . In order to quantitatively understand recent experiments, however, it will be necessary to compute the dependence of the bulk viscosity spectral function on density, temperature, and scattering length in the degenerate Fermi gas throughout the BEC-BCS crossover.
In this work, I start by rewriting the dynamical bulk viscosity of the dilute Fermi gas, which is given as the correlator of the trace anomaly [25] , in terms of the correlation of the contact density of local fermion pairs. This exact mapping explicitly links the bulk viscosity to pairing fluctuations as the relevant degrees of freedom. This change of perspective provides a genuine strongcoupling formulation which is valid in the whole BEC-BCS crossover including the quantum critical regime [26] [27] [28] . It expresses the viscosity as the time-dependent change of the contact density of fluctuating pairs in response to a change of scattering length, which is directly accessible with current experimental technology. Moreover, it substantially simplifies the computation of the bulk viscosity. I will first derive analytical results in the high-temperature and high-frequency limits, and then report numerical results for the bulk viscosity ζ(ω, n, T, a) in the BEC-BCS crossover; these are obtained by extending the Luttinger-Ward approach for shear and spin transport [9, 29, 30] to contact correlations in the normal state (for ζ in the superfluid state see [31, 32] ). I conclude by discussing experimental signatures.
Bulk viscosity.-The bulk viscosity ζ is defined as the stress correlation function [33, 34] 
where the pressure operatorΠ(x, t) = (1/d)Π ii (x, t) is given as the trace of the stress tensor, divided by dimension d. The two-component dilute Fermi gas with attractive contact interaction has Hamiltonian density [22] 
for fermion field operators ψ σ (x, t). The contact interaction is characterized by the s-wave scattering length a; the bare coupling g 0 can be regularized by an ultraviolet momentum cutoff Λ and reads g 3D. The pressure operator is given by the scale variation of the Hamiltonian [15] ,
where the dilatation operator D = d d x x·mj(x) generates scale transformations. In scale invariant models such as the ideal gas or the unitary Fermi gas, [H, iD] = 2H commutes with itself, and hence the bulk viscosity vanishes identically, ζ(ω) ≡ 0 [3, 9, 23, 35] . A nonvanishing bulk viscosity therefore indicates the breaking of scale invariance, as is generically expected in the interacting Fermi gas, except at the unitary point.
Contact correlation.-The scale violation ∂H/∂ ln a = (∂H/∂g 
where
By conservation of energy, the Hamiltonian in (3) does not contribute to the pressure commutator (1) , and the bulk viscosity is given by the correlator of the scaling violation (trace anomaly) [25] . For the dilute gas, the bulk viscosity is exactly given by the contact correlator, which is the first main result:
The contact operator is the term in the Hamiltonian which couples to the scattering length. In linear response, the bulk viscosity thus captures how the local pair contact density at time t changes in response to a variation of the scattering length at earlier time t = 0,
at constant entropy per particle s = S/N . The time dependent response is captured by the contact correlator spectral function
, which directly determines the dynamical bulk viscosity. This makes the contact correlation, and hence the dynamical bulk viscosity, directly accessible in cold atom experiments where the scattering length can be controlled in time by the magnetic field near a Feshbach resonance and the time evolution of the contact has already been measured using RF spectroscopy [37, 38] .
Viscosity sum rule.-Since the pressure operator is hermitean, the dynamical bulk viscosity is even and positive at all frequencies, ζ(ω) ≥ 0 [8] . From (5) and (6) follows immediately the viscosity sum rule [8, 10] 
Using the Tan adiabatic relation c d C = (∂E/∂ ln a) s [15, 36] , the sum rule can be expressed in d dimensions as
At the same time, the contactĈ =∆ †∆ (x) is the density operator of the local fermion pair field (order parameter) ∆(x) = mg 0 ψ ↓ (x)ψ ↑ (x). The bulk viscosity thus depends directly, and only, on the pairing fluctuations within the attractive Fermi gas; the sum rule is proportional to the local pair compressibility κ pair = (2/π) ∞ 0 dω ξ(ω) = −χ(q = 0, ω = 0) in response to a change in the pair chemical potential ln a. In particular near unitarity a −1 = 0, the static contact correlation κ pair > 0 is nonzero and hence the bulk viscosity sum rule κ pair /a 2 grows as 1/a 2 in the vicinity. To summarize, the bulk viscosity is the reponse funtion of the trace anomaly and is therefore sensitive to scaling violation. For the dilute quantum gas, the trace anomaly is proportional to the contact density of local pairs and depends only on the pairing properties. This establishes the link between pairing [39] and the quantum scale anomaly [19] suggested by recent experiments in 2D Fermi gases.
Analytical results.-The contact correlations and bulk viscosity can be computed exactly in several limiting cases: at (i) zero density (vacuum), (ii) high frequency, and (iii) high temperature (virial expansion).
The zero-density case (i) is reached for T = 0 and µ = −ε B /2 with the two-body binding energy ε B = 2 /ma 2 . At zero density, the exact contact correlation χ(
is given by the convolution of two pair propagators (T matrix) ∆∆
with pair spectral functions [see SM for details]
The first term is the bound state peak, which appears always in 2D and for a > 0 (BEC) in 3D, followed by the scattering continuum; ω q = q 2 /2M denotes the dispersion of fermion pairs of mass M = 2m. In vacuum, dissociating a bound state at ε = ω q = 0 yields [10] This satisfies the sum rule (7),
2 ) s where E 0 = −C 0 /4πm. In 3D, a vacuum bound state exists only for a > 0, and
again satisfies sum rule (7) with S 3D,vac = C 0 /36πma = −(1/9)(∂ 2 E 0 /∂(ln a) 2 ) s and E 0 = −C 0 /8πma.
In the limit (ii) of high frequency ω ε F , T , the contact correlator is evaluated at small times where it factorizes as χ(x, t → 0) m 2 Γ(x, t)C(0, 0) [SM] . At large frequency, the T matrix approaches the zero-density form (8) and (9) . It follows immediately that for ω → ∞ the bulk viscosity is proportional to the contact density and decays with a characteristic frequency dependence,
This derivation reproduces earlier results [10, 40, 41] much more easily. The zero-density results (10) and (11) approach the high-frequency limit with vacuum contact density C 0 . However, the exact high-frequency limit is more general and holds at arbitrary density, temperature and interaction in terms of the total contact density C(n, T, a). This asymptotic behavior guarantees convergence of the sum rule (7). Correspondingly, the universal high-frequency tail of the contact correlator reads ξ(ω → ∞) = 4πm 2 C(mω) −3/2 in 3D.
Finally, the dynamical bulk viscosity can be computed exactly in the high-temperature limit (iii) by virial expansion [11, 12] . To second order in fugacity z = e βµ , the pair distribution b(ε) = z 2 e −β(ε+2µ) is combined with the zero-density spectral function (9) to yield [SM]
FIG. 2. Bulk viscosity ζ(v) vs interaction
.
Here, v = (λ/a)/ √ 2π denotes the dimensionless interaction parameter by the inverse scattering length in units of the thermal length λ = 2π/mT . The dynamical viscosity has two terms as illustrated in Fig. 1 : the first, bound-continuum contribution occurs only on the BEC side v > 0 and arises from breaking up bound states at high frequency |ω| > ε B , which leads to strong damping. The second term is the continuum-continuum contribution of dissociated pairs, which extends over all frequencies but has most of its spectral weight at small frequencies ω ε B . At this order there is no bound-bound contribution because an ideal Bose gas of pairs is scale invariant; corrections arise from pair scattering at order O(z 4 ). Both contributions in (13) are necessary to exhaust the sum rule (cf. Fig. 2 )
This agrees with the adiabatic derivative (7) of the contact [11, 42] 
At unitarity v → 0, the analytical dynamical viscosity At this order, the unitary contact correlation has a logarithmic divergence ln(T /ω)z 2 for small frequencies from the modified Bessel function K 0 (βω/2), as shown in Fig. 1 . This singular coefficient of the virial expansion is regularized by including next-to-leading terms O(z 3 ) from the fermionic self-energy [9, 11] ; these are resummed in the Luttinger-Ward computation and yield a finite dc limit in Fig. 3(b) below. Precisely at unitarity, the bulk viscosity vanishes for all frequencies due to the v 2 factor. Throughout the BEC-BCS crossover, the dc bulk viscosity is then given by (see Fig. 2 )
In 2D, there is always a bound state with binding energy ε B > 0 even for arbitrarily weak attractive interaction. The dynamical bulk viscosity is obtained as [SM]
The dc bulk viscosity is approximately given by
This result for the bulk viscosity based on contact correlations is similar in structure to the fermionic Boltzmann calculation [12] but larger by a factor 4π 2 , which is indeed necessary to satisfy the sum rule and the highfrequency asymptotics with the contact density [43, 44] 
Luttinger-Ward results.-The Luttinger-Ward (LW) technique is a diagrammatic strong-coupling approach to fermions in the BEC-BCS crossover [45, 46] which treats fermions ψ σ and pair field ∆ on equal footing. Its predictions for the unitary shear viscosity [9] agree well with recent data [47] . In this work, I extend the LW approach to compute the bulk viscosity (5) via the contact correlation function (6) . It uses the self-consistent pair propagator Γ and includes vertex corrections which represent the scattering between pairs, resummed to arbitrary order [SM] . While contact vertex corrections are subleading in the high-temperature limit and could be neglected, they are important in the quantum degenerate regime and need to be included for an accurate numerical solution.
The dynamical bulk viscosity ζ(ω)(k F a) 2 /n ∝ ξ(ω) at unitarity is shown in Fig. 3(a) . At low temperature there is a pronounced peak at low frequencies ω T that crosses over into the universal high-frequency tail ζ(ω) ∼ Cω −3/2 (dashed) for ω ε F . At higher T ε F the thermal peak for ω T leads directly into the tail.
The dc bulk viscosity ζ(T ) shown in Fig. 3 (b) falls off as T −5/2 toward high temperature where scale invariance is restored, and the BEC and BCS curves for fixed k F a converge toward the unitary result as v → 0 for T → ∞. Conversely, the bulk viscosity grows monotonously as the temperature is lowered toward the superfluid phase transition and reaches large values ζ n near T c and on the BEC side (1/k F a = 1), while it remains small on the BCS side (1/k F a = −1). Dusling and Schäfer [11] link the bulk viscosity at high temperature,
to the pressure deviation from scale invariance, ∆P/P = (P − 2E/3)/P = c d C/dP , and to the shear viscosity η. Using LW shear data [9] , this prediction ( Fig. 3(b) dash) shows perfect agreement with the LW bulk viscosity for T ≥ T F . Indeed, Eq. (17) suggests the unitary high-temperature viscosity ζ = (5/12 √ 2)z 2 λ −3 v 2 (dotdash) which coincides with the LW calculation but is five times larger than the fermionic Boltzmann result [11] . Conversely, the shear viscosity at high temperature is fully determined by scale breaking pair fluctuations as reflected in ζ and in the contact correlation ξ,
At low temperature, however, ζ exceeds (17) since pair fluctuations near the superfluid phase transition affect the bulk viscosity more strongly than the shear viscosity. The fact that the bulk viscosity is the dynamical correlator of order-parameter fluctuations ∆(x, t) suggests that ζ might diverge at T c [21] ; instead, vertex corrections in the LW calculation substantially reduce the contact vertex at low momenta and render the bulk viscosity finite. (14) at high temperature (dot-dashed). This is faster than the decay of the contact C ∼ T −1 (dashed curves) [9, 42, 48] because κ pair is the adiabatic scale derivative (7) of C, and scale invariance is restored for T → ∞.
To conclude, the bulk viscosity identifies the breaking of scale invariance with the strength of pair fluctuations, which become very large near T c and on the BEC side. This provides a strong signature in cold atom experiments, either directly in the response of the contact [37, 38] to a change in scattering length, or indirectly via enhanced dissipation ζ in the hydrodynamic description of scaling or breathing dynamics [10, 13, 16, 19] and of sound attenuation D s = [ βV qεn Γ(q, iε n )Γ(q, iε n + iω m ) + vtx. corr., (21) while the contact itself is C = (m 2 /βV ) qεn Γ(q, iε n ). The pair compressibility is given as the static correlator κ pair = −X(0). After analytical continuation to real frequency, the retarded correlator reads 
